Questionnaire “Logic and Computability”

Summer Term 2023

Contents

[4 Natural Deduction for Propositional Logic| 1




4 Natural Deduction for Propositional Logic

For each of the following sequents, either provide a natural deduction proof, or a counter-example
that proves the sequent invalid.

For proofs, clearly indicate which rule, and what assumptions/premises/
intermediate results you are using in each step. Also clearly indicate the scope of any boxes you use.

For counterexamples, give a complete model. Show that the model satisfies the premise(s) of
the sequent in question, but does not satisfy the respective conclusion. For each of the following
sequents, either provide a natural deduction proof, or a counter-example that proves the sequent
invalid.

4.1 Rules for Natural Deduction

4.1.1 Give the definition of a sequent. Give an example of a sequent and name the parts the
sequent consists of.

_I Solution !

A sequent is an expression of the form

P1,P25+ Pn F ’l/)

V1, 92,---, Pn are called premises. v is called the conclusion. The premises entail the
conclusion. This means that for any valid sequence, we can proof that the conclusion
follows from the premises.

4.1.2 Look at the following statements and tick them if they are true.

X In a sequent, premises entail a conclusion.

[0 In a sequent, conclusions entail a premise.

O A sequent is valid, independent on whether a proof can be found.
X A sequent is valid, if a proof for it can be found.

4.1.3 Explain the concept of boxes in deduction rules and why they are needed. What does it
mean if you make an assumption within a box? Where is this assumption valid?

Solution

Assumptions assume that within the box, a certain formula holds that can be used to
prove something within the box. The assumption is only valid within the box. Therefore,
any formulas proven within the box are only valid inside the box, because they are proven
under a given assumption that is only valid in the scope of the box.

4.1.4 Explain the OR-elimination (V-e) rule of the natural deduction calculus. In particular,
why does it rule require two boxes?



4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

From a given formula ¢ V¢, we want to proof some other formula xy. We only know that
@ or 1 holds. It could be that both of them are true, but it could also be that only 1 is
true, or only ¢ is true. Sine we don’t know which sub-formula is true, we have to give
two separate proofs:

e First box: We assume ¢ is true and need to find a proof for y.
e Second box: We assume 1) is true and need to find a proof for y.

Only if we can prove x in the first and in the second box, then we can conclude that y
holds also outside of the box.

The V. rules says that we can only derive x from ¢ V ¢ if we can derive x from the
assumption ¢ as well as from the assumption . Formally the rule is written as:

© ass. 1 ass.

eV X X

Ve

4.1.5 Why are there two rules for the V-introduction rule. Explain, why you are able to connect
any formula to a certain formula ¢ using the connective V.

_I Solution !

¥p 14
Vil
eV YV
If we know that ¢ holds, we can derive that ¢ V 9 holds and that 1 V ¢ holds. This is
true for any .

V2

416 -—pAgqg,—~—r F rA-pA-—gq

_I Solution !

This sequent is provable.

1. ——=p A g premise
2. —=r premise
3. - Nell
4. q Ne21
5. T 2
6. -p 13
7. g ——;4
8. rA-p Nib, 6
9.

rA-pA-og NS, T

417 pp—>qgp—=>(q@—r) F 1
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

1. p premise
2. p—q premise
3. p—(g—r) premise
4. g7 . 1,3
5. q —e 1,2
6. r —c 4,5

4.1.8 - p—>q,~—qgAr F pA-——gq

_I Solution !

This sequent is provable.

1. -p —q premise
2. ———g AT premise
3. ——q Nel2

4. -q 3

5. ——p MT 1,4
6. p b

7. pA——mg N6, 3

419 p— (¢g—r),—p,~r F —gq

_I Solution !

1. =p—(¢g— 1) premise
2. —p premise
3. —r premise
4. qg—r —e 1,2
5. —q MT 4,3
4110 p—>q, q—r - p—r
_I Solution !
1. p— q  premise
2. q — T premise
3. p assumption
4. q —¢ 3,1
o. r —e 4,2
6. p—r —;3-5

4111 p—=(gAr),g—s F p—=(sAT)
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.

1. p— (gAT) premise

2. q— s premise

3. p assumption
4. qgnNT —e 1,3
5. q Neld

6. S —e 2,5
7. r Ne24

8. SAT N6, 7

9. p—(sAr) —;3-38

4112 pAgr—s F (pV(r—=38)AqV(tVr)—u)

_I Solution !

This sequent is provable.

1. pAq premise
2. r— S premise
3. P Nell
4. pV(r—s) Vil3
5. q Ne21
6. qV((tVvr)—u) V15
7. (pV(r—=98)AN@gV((tVvr)—u) AN4,6

4113 g—r F (pVg) = (pVr)

_I Solution !

q—r premise

P \Y q assumption

P assumption

pVr V,;12

assumption

r —e 0,1

pVr V26

pVr Ve2,3—4,5-17
pVg— (pVvr) —;2-38

© o NS oW =
K

4.1.14 p— —-q,q = —p
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

1. P — Tq  premise

2. q premise

3. 14 assumption
4. g —e 3,1
5. 1 —¢2,4

6. -p -3 —95

4.1.15 Solve this task without using the Modus Tollens.

-p—g,q Fop

_I Solution !

1. —p — Tq  premise

2. q premise

3. -p assumption

4. —q —¢ 3,1

5. 1 —2,4

6. P PBC3-5

4116 + ((p—q) —p) —p
This sequent is provable.
1. (p—q) —p assumption
2. -p assumption
3. -(p—q) MT 1,2
4. p assumption
5. L =2, 4
6. q 1eb
7. p—q —;4—6
8. L =3, 7
9. p PBC 2 -8
10 (p—=aq)—=p)—=p —il-9

4117 =gV -p F —=(qADp)
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.

-q V -p premise

1.

2. qNAp assumption

3. q assumption

4. q Nel2

5. 1 —1e3,4

6. -p assumption

7. p Ne22

8. 1L -6, 7

9. 1 Vel,3—5,6—38

»—
e

-(gAp) —2-9

4118 pV—==qg,~pA—-qg F sV -t

_I Solution !

This sequent is provable.

P \Y -q premise

-p A\ -q premise

1.

2.

3. p assumption
4. -p Nel2

5. 1 —¢3,4

6. sVt Leh

7. g assumption
8. -q Ne22

9. L —7,8

10. sVt 1.9
11. sVt Vel,3—-6,7—-10
4119 p—q - —pVg
_I Solution !
1. P—>q  premise
2. -pVp LEM
3. —p assumption
4. -pVgqg V13
5. D assumption
6. q —e 1,5
7. -pVgq V;26
8. pVq Ve2,3—5,5—-T7

4120 + =(pAqg) VD
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4.1 Rules for Natural Deductiond

NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.
1. pV p LEM
2. P assumption
3. -(pANq)Vp V22
4. —p assumption
5. pPAq assumption
6. P Nelb
7. 1 -6, 4
8. =(pAQq) -5 =7
9. -(pANq)Vp V18

10. “(pAq)Vp Ve1,2-34-9

4121 ==k = (Ivm),m =l —=>m F —-kV({V-—m)

_I Solution !

This sequent is provable.
1. ——k = (IAm)  premise
2. ——==l - m premise
3. mV m LEM
4. m assumption
5. ——m -4
6. IV —-—m V25
7. =kV({V-—m) V26
8. -m assumption
9. ===l MT 2,8
10. -l -9
11. l ——.10
12. [V —-—m V;111
13. —kV({IV-—m) V212
14. -kV({V-—-m) V.3,4-78-13

4.1.22 =(aAb)V—-c F =(aAb) = cVa

Solution

This sequent is not provable.
M:a=Fb=Fc=F
ME=(aAb)V e
ME=(aNb) = cVa

4123 (sV—-u) =t F (0sAu)

Vi
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.

(S vV _‘U) —t premise
sV s LEM

s assumption
sV —u V;13

—e 4,1
(msAu)VE V25

© ® N oW
~

s assumption
uV u LEM
U assumption
10. —sAU Ni7,9
11. (s Au) Vit V;110
12. U assumption
13. sV u V;212
14. t —e 131
15. (ms Au) Vv V,;214
16. (msAu)V Ve8,9—11,12 — 15
17. (ms Au) Vv Ve2,3 —6,7—16

4.1.24 Provide a natural deduction proof for the following sequent without using the Modus
Tollens rule:

p=9, F g

_I Solution !

1. - premise

2. @ — 1  premise

3. %) assumption
4. P —e 1,2
5. 1 —el,4

6. - 43— 5

4125 =—pA—-—q,rAs F (pAr)A——s
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

1. ——p A 7¢q premise
2. rASs premise
3. —=p Nell
4. P 3
5. r Nel2
6. s Ne22
7. s ——;6
8. pAT Nid, 5
9. (pAT)AN—s  N8T

4.1.26 (—|p — q) A (q — T),_\’I“ F ———rA-p

Solution

This sequent is not provable, counter example:
M:p=T,q=F,r=F
ME(p—=9Ag—r),-r

ME —==r A -p

4127 (p—q)—>r b rA=s—(p—q)

_I Solution !

1. p—q) —r premise

2. -r A -s assumption
3. -r Nel2

4. =(p—q) MT 1,3
5. rA-s—-(p—q) —i2-4

4128 p—q F (r—p — (r—9q)

_I Solution !

1. p—q premise

2. r—p assumption
3. r assumption
4. P —e 2,3
5. q —e 1,4
6. r—q —i3—5
7. (r—op —-@r—q —;2-6

4129 p—=>qpA(rVg) F (g—p) = (sAt)Vg A (rVyq)
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

© X NS o W

P —q premise
pA(rVq) premise
q—Dp assumption
rVq Ne22

p Nel2

q —e 1,5
(sAt)Vgq V26
((sAt)V @) N(rVyq) AT, 4
(@=p) = ((sAt)VOA(rVe —:i3-T7

4130 pVg,—~pVr F qVr

_I Solution !

1. pVgq premise

2. —pV T  premise

3. P assumption

4. -p assumption

5. 1 —¢3,4

6. qVr Led

7. r assumption

8. qVr V,; 27

9. qVr Ve2,4—6,7—8
10. q assumption
11. qVvVr V;110
12. qVr Vel, 3—9,10—11

4131 p—>qgpArVvg F (g—=p)— (sAE)Vg A(rVa)
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

assumption

V27

1. p—q premise

2. (pATr)Va premise

3. q—p assumption
4. pAT assumption
o. r Ne24

6. rVgq V;15

7.

8.

9.

Ve2,4—6,7—8

10 pAT assumption
11. P Nel10
12. q —e 1,11
13 (sNt)Vgq V;212
14. q assumption
15. (sAt)Vgq V;214
16. (sAt)Vgq V2,10 — 13,14 — 15
17. ((sAt)V@ N(rVyg) Ni16,9
18. (g—=p) = ((sAt)yvVgA(rVe) —;3-17
4132 pVg,p—r,ms—>—-q F rVs
_I Solution !

1. pVq premise

2. p—r premise

3. —§ — ¢  premise

4. P assumption

5. r —e 4,2

6. rVs V;15

7. q assumption

8. S MT 3,7

9. rVs V28

10. rVs Vel, 4—6,7—9

4.1.33 Translate the following reasoning into a sequent. If the sequent is valid, proof it using
the rules of natural deduction. If the sequent is not valid, provide a counter example.

If T press the button, the window opens.
The window is not open.
Therefore, I didn’t press the button.
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

b—w,~w F —b

b =1 press the button.
w = The window is open.

b—w

1. premise
2. —w premise
3. b assumption
4. w — 1,3
5. € —¢2,4
6. —=b ;3 —5
4134 ~qVp F g—=(pVr)
_I Solution !
1. —qVp premise
2. q assumption
3. —q assumption
4. € —¢2,3
5. pVvVr 1.4
6. P assumption
7. pVvr V;16
8. pVr Vel,3—5,6—-7
9. qg—(pVvr) —;2-8
4135 p—=>(gVr),~gAN-r F -p
1. p—(qVT) premise
2. —g AT premise
3. p assumption
4. qVr —e 1,3
5. q assumption
6. —q Nel2
7. € —eH,6
8. T assumption
9. - Ne22
10. 1 -.8,9
11. € Ved,5 —7,8—-10
12. -p -3 —11

4.1.36 ﬁ(q\/p) F ﬁq/\p
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Solution

M:p=Fq=F
M —=(qVp)
ME—-qAp

This sequent is not provable, counter example:

4137 F (p—=q)V(g—T)

_I Solution !

— = = =
W= o

qV —q LEM

q assumption
D assumption
q copy 2
p—q —+i3—4
p—=qV(g—r) Vilb

-q

assumption

© XN WD

q assumption
€ —e7,8

r 1.9
q—r —; 8 =10
p—=qV(g—r) V211

(p—=q)Vig—r)

Vel, 2 — 6,7 — 12

4138 (p—=q)A(g—=p) F (pAg)V(=pA—q)

_I Solution !

© X NS o w

e e
W= o

(r—=a)N(g—p)
pVp

premise

LEM

p

p—q

q

pAg
(pAq@)V(=pA—q)

assumption
Nell

—e 3,4
Ni3,5
V;16

—p
q—p

—q

“pA—q
(pAq@)V(=pA—q)

assumption
Ae21

MT 8,9
A:8,10
V211

(pAq)V (=pA—q)

Ve2,3 7,812

4.1.39 Translate the following reasoning into a sequent. If the sequent is valid, proof it using
the rules of natural deduction. If the sequent is not valid, provide a counter example.

If T press the button, the window opens.

I pressed the button.
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

Therefore, the window is open.

_I Solution !

Translation:
p: 1 press the button.
q: The window is open.

If T press the button, the window opens. p — ¢
I pressed the button. p
The window is open. q

Sequent: p—q,pkq

This sequent is provable.

1. pP—q premise
2. P premise
3. q —e 1,2

4140 (p—=>(g—=>r)A(g—=>(r—3) F p—=>(¢g—9)

_I Solution !

This sequent is provable.
1. p—=(g—=7)A(g— (r—5s)) premise
2. P assumption
3. p—=(g—=r) Nell
4. q— (r—2s) Ne21
5. qg—r —e 2,3
6. q assumption
7. T —¢ 9,6
8. r—s —¢ 4,6
9. S —e 7,8
10. q— s —;6—9
11. p—(g—s) —;2—10

4141 F (p—=(gAr)—=((p—=g A(p—T))
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.

1. p— (gAT) assumption
2. p assumption
3. gnNT —e 1,2
4. q Nel3
5. p—q —;2—4
6. P assumption
7. qnNT —e 1,6
8. T Ne27
9. p—r —;6—8

10. =g ANp—=r) Nib, 9

11. = (@Ar)=(p=adArp—r) —i1-10

4142 (p—=>(g—=>r)Vg—>(r—3) F p—=>(¢g—9)

Solution

This sequent is not provable.
M:p=T,q=T,r=T,s=F
ME@P—=(@=r)Vig=(r—s)
MEp—(qg—s)

4143 + (pAq) — —(—pV —q)

_I Solution !

This sequent is provable.
1. pPAq assumption
2. D Aell
3. q Ne21
4. -pV g assumption
5. -p assumption
6. € —2,5
7. —-q assumption
8. € —e3, 7
9. € Ved,5—6,7—8
10. =(=pV —q) -4 -9
11. (PAg) = ~(mpV—og) =i 1-10

4144 =(pA @)V -(rAs) F (=pA-r)V(-gA—s)
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Solution

This sequent is not provable.
M:p=T,q=T,r=T,s=F
ME=(pAg)V—(rAs)

ME (=pA—-r)V (=g A —s)

4145 p—>gA-r,r—>sV-q F p—-s

_I Solution !

This sequent is not provable.
M:p=T,q=T,r=F,s=T
MEp—=gA-T
MEr—sV-g
MEDPp— s

4146 p—>qVr,mq - p—r

_I Solution !

This sequent is provable.

1. p—qV1r premise
2. —q premise
3. assumption
4. qVvr —e 1,3
5. q assumption
6. € —2,5
7. r 16
8. r assumption
9. r copy 8

10. r Ved, b —7,8—9

11. p—T —; 3—10

4147 -(pANg) > r,p——q F T
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_I Solution !

This sequent is provable.
1. —(pAg) = r  premise
2. p— q premise
3. -r assumption
4. —-=(pAq) MT 1
5. pPAq 4
6. P Neld
7. q Ne26
8. —q —¢ 2,6
9. 1 17,8
10. 7 PBC3-9
4148 (pAg)V(pAr) E pA(qgVr)
This sequent is provable.
1. (pA@Q)V(PAT) premise
2. pPAq assumption
3. P Nel2
4. pPAT assumption
5. P Neld
6. D Vel,2-3,4—-5
7. pPAq assumption
8. q Ne27
9. qVr V;8
10. pAT assumption
11. r Ne210
12. qVvr V11
13. qVr Vel,7—9,10 — 12
14.  pA(gVvr) N6, 13

4149 pAq—7r,p—>—q F -7

_I Solution !

This sequent is not provable.
M:p=F,q=Fr=T
MEDPAg—T
MEp——q

ME =r

4150 F (p—=q)V—q
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4.1 Rules for Natural Deductiond

NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.
1. =((p = q)V—q) assumption
2. p—q assumption
3. (p—q)V—q V;13
4. uE =3, 1
5. ~(p—q) —2—4
6. q assumption
7. assumption
8. q copy 6
9. p—q —; 7—8
10. ui —9,5
11. —q -6 — 10
12. (p—q)V—q V11
13. L —12,1
14. (p—q)V—q PBC1-13
4151 F (p—=q) A—q
Solution
This sequent is not provable.
M:p=T,q=T
ME (p—q) Nq
4152 (p—=>q AN(g—r1),rVqg - —pVr
_I Solution !
This sequent is provable.
1. (p—=>q)AN(q— 1) premise
2. -rVq premise
3. p—q Nel
4. q—r Nel
5. -r assumption
6. —q MT 4,5
7. —p MT 3,6
8. -pVr V7
9. q assumption
10. r —¢ 9,4
11. -pVr V,;10
12. -pVr Ve2,5—8,9—-10

4.1.53 (pAq) = (pAT),q = —pVr
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_I Solution !

This sequent is provable.
1. (pAq)— (pAT)  premise
2. q premise
3. P assumption
4. pAgq N3, 2
5. pPAT —e 4,1
6. r Ne26
7. p—r —;3—6
8. —(-pVr) assumption
9. -p assumption
10. -pVr V;9
11. L =10, 8
12. P PBC9-11
13. r —e 12,7
14. -pVr V213
15. 1 —¢14,8
16. pVvr PBC 8 —15

4154 p—=q,q—r,~(pAT) F g—p

_I Solution !

This sequent is not provable.
M:p=Fq=T,r=T
MEp—q

MEqg—r

ME=(pAr)

MEqg—p

4155 (pAg) = (rVvs),(rApAq) F (g—1)A(s—q)
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4.1 Rules for Natural Deductiont NATURAL DEDUCTION FOR PROPOSITIONAL LOGIC

_I Solution !

This sequent is provable.

1. (pANq) — (rVs)  premise
2. rApAq premise
3. pAq Ne21
4. rVs — 1,3
5. q assumption
6. r Nel2
7. q—r —i5—6
8. S assumption
9. q Ne23

10. s—q —;8—9

11. (g—=r)AN(s—q) NT,10

4156 (pAr) F (g—=p)A(s—T)
_I Solution !

1. pAT premise
2. p Nell
3. r Ne21
4. s assumption
5. T copy 2
6. s—=r —;4—5
7. q assumption
8. p copy 1
9. q—p —; 7—8

10. (q—=p)AN(s—r) N6,9

4157 p—=(qgVr),g—s F =(p—(¢gNs))

_I Solution !

Mlp—(qVvr)
MEqg—s
M =(p—(gAs))

This sequent is not provable.

M:p=T,q=T,r=T,s=T

4158 =(pV—q) F p
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Solution

This sequent is not provable, counter example:
M:p=Fq=T

M =(pV—q)

MEDp

4159 p—=qt-((pveg) —=p)A(p— (pVa)

This sequent is not provable, counter example:
M:p=F,q=T

MEp—q

ME ((pVa)—=p)Ap— (pVa))

4160 pVg,~qVr F r

Solution

This sequent is not provable, counter example:
M:p=T,q=F,r=F

MEpVg—qVr

MET

4161 (pAgqg) = (-rA-s),-rA-s F p

Solution

This sequent is not provable, counter example:
M:p=Fq=Fr=Fs=F

ME(pANq) — (-1 A=s),—r A—s

MEDp

4.1.62 (a) If I am ill, I go to the doctor.
I am ill.
Therefore, I go to the doctor.

(b) If T am ill, I go to the doctor.
I go to the doctor.
Therefore, I am ill.

(c) (Solve without using the Modus Tollens)
If I am ill, I go to the doctor.
I did not go to the doctor.
Therefore, I am not ill.
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_I Solution !

Translation:
p: Tamill
q: I go to the doctor.

(a) If T am ill, T go to the doctor. p — ¢
I am ill. P
Therefore, I go to the doctor. F g

Sequent: p—q,pkq

1. pP—q premise
2. p premise
3. q —e 2,1
(b) If T am ill, T go to the doctor. p — ¢
I go to the doctor. q
Therefore, I am ill. Fp

Sequent: p—q,qFp
This sequent is not provable.

M:p=Fq=T

MEP—qq
MEDp

(c) (Solve without using the Modus Tollens)
If I am ill, T go to the doctor. p—g¢q
I did not go to the doctor. —q
Therefore, I am not ill. —p

Sequent: p— q,—qkF —p

1. P — q premise

2. —q premise

3. p assumption
4. q —e 3,1
5. 1 =4, 2

6. -p —3—5

41.63 (a) (pAg)A—T F qVr
(b) (V@ AT F gAr
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_I Solution !

(a) This sequent is provable.
1 (p A q) A —r premise
2 pAq Nell
3. q Ne22
4 qVvr V;13
(b) This sequent is not provable.
M:p=T,q=T,r=F
ME@@VagA-r
MEqgNATr
4.1.64 pANg,q— —-—r F pATr
_I Solution !
This sequent is provable.
1. P A\ q premise
2. q— T premise
3. q Ae21
4. - —e 2,3
5. r -4
6. P Nell
7. PAT Nib6, b

4165 (pAq) F ((pAq) —=7)V((g—=s)At)

_I Solution !

This sequent is provable.

1. pAq premise

2. =(pAQq) assumption
3. pAq copy 1

4. | L 2,3

5. r Le3

6. —(pAgq) —r —;2-5
7. ((pAg) =) V((g—s)At) V16

4.1.66 —t,(pAT) =t b (r—s)A(p—q)

_I Solution !

This sequent is not provable.
M:p=T,q=Fr=Fs=Ft=F
ME—t

ME(@Ar)—t

ME (r—=s)AN(p—q)
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4167 p—>q,q—>1 F 1.

This sequent is not provable.
M:p=Fq=Fr=F
MEp—qq—r

MFETr

4.1.68 Translate the following reasoning into a sequent. If the sequent is valid, proof it using
the rules of natural deduction. If the sequent is not valid, provide a counter example.

If T press the button, the window opens.
The window is open.
Therefore, I pressed the button.

_I Solution !

Translation:

p: Press button.

q: Open window.

If T press the button, the window opens. p — ¢
The window is open. q
Therefore, I pressed the button. Fp

sequent: p—q,qFDp

This sequent is not provable.
M:p=F,q=T
MEp—4q.q

MEDp

4.2 Soundness and Completeness of Natural Deduction

4.2.1 ”Natural deduction for propositional logic is sound and complete” Explain in your own
words what this means.

_I Solution !

e Natural deduction for propositional logic is sound. Therefore, any sequent that can
be proven is a correct semantic entailment.

Natural deduction is sound. This means that any sequent ¢1,¢2,... F 1 that is
provable states a correct semantic entailment 1, ¢, ... | 9. A correct semantic
entailment tells us that under all models that satisfy ¢; for all ¢ the conclusion
evaluates to true.

In short: Anything that is provable by natural deduction is true with respect to
semantics.

e Natural deduction for propositional logic is complete. Therefore, any sequent that
18 a correct semantic entailment can be proven.

Natural deduction is complete. This means that for any statement that is true, i.e.
the statement is a correct semantic entailment, there exists a proof.
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4.2.2 How can you show that a sequent is not valid? Is this a consequence of soundness or
completeness. Explain your answer.

_I Solution !

In order to show that a sequent is not valid, we provide a counter erample, which is a
model that satisfies all premises but falsifies the conclusion.
This is a consequence of soundness. We know from the definition of soundness that

@17@27~~'7@n#7p = 8017802»«~790n1’41/)

A counterexample is enough to tell us that the left-hand side of this implication is true,
hence the sequent is not valid.

4.2.3 Explain what it means that natural deduction for propositional logic is sound. What is
the difference to completeness?

Solution

There is no solution available for this question yet.

4.2.4 Look at the following statements and tick them if they are true.

O Any sequent that is a correct semantic entailment can be proven.
[0 Any sequent that can be proven is a correct semantic entailment.
[ If a sequent is not provable, the semantic entailment relation does hold.

O If for a sequent the semantic entailment relation does not hold, it cannot be proven with
natural deduction.

4.2.5 Given an invalid sequent, how do you show its invalidity?

Solution

There is no solution available for this question yet.
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