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8 Natural Deduction for Predicate Logic

For each of the following sequents, either provide a natural deduction proof, or a counter-example

that proves the sequent invalid.

For proofs, clearly indicate which rule, and what assumptions/premises/

intermediate results you are using in each step. Also clearly indicate the scope of any boxes you use.

For counterexamples, give a complete model. Show that the model satisfies the premise(s) of the

sequent in question, but does not satisfy the respective conclusion.

8.1 Natural Deduction Rules
8.1.1 Vz (P(z) — Q(z)),Vz P(z) + Vz Q(z).

_I Solution !

1.  Va (P(z) = Q(z)) prem.
2. VzP(z prem.
3xg| P(xo) — Q(x0) Ve 1
P(Iﬂo) Ve 2
Q(zo) —e 3,4
Va Q(x) Vi 3-5
8.1.2 Vo P(x) AVx (P(y) = Q(z)) F  Q(z)
1. Vz P(z) AVz (P(y) — Q(x)) prem.
2. Vax P(x) Nep 1
3. Vz (P(y) — Q(x)) Neg 1
4. P(y) Ve 2
5. P(y) = Q(2) Ve 3
6. Q(z) —ebd
8.1.3 Vz(P(x) AQ(z)) F VaP(x) AVzQ(x)
1. Vo (P(z) A Q(x)) prem.
2. |zg P(zo) A Q(z) Ve 1
3. P(l‘o) Ne 2
4. Yz P(x) Vi2 — 3
5. |z1 P(x1) AQ(z1) Ve 1
6. Q(I’l) Ae b
7. Vo Q(x) Vi5 — 6
8. Vo P(x) AVx Q(xz) A 4,7




8.1 Natural Deduction Rules 8 NATURAL DEDUCTION FOR PREDICATE LOGIC

8.1.4 Vx P(x)vVz Q(z) + Yy (P(y)VvQ(y))

_I Solution !

1. Va P(z)V Ve Q(x) prem.
2. Va P(x) ass.
3. t P(t) Ve 2
4. P)vQ(t) Vip 3
5. Vy (P(y) VQ(y) Vi34
6. Vo Q(x) ass.
7. s Q(s) Ve 6
8. P(s) vV Q(s) Vig 7
9. Vy (P(y)VQy)  ViT8
10. Yy (P(y) V Q(y)) Ve 1,2-5,6-9

8.1.5 Va (P(x) = Q(y)),Vy (P(y) AR(z)) F  FzQ(x))

_I Solution !

1. Vz (P(z) — Q(y)) prem.
2. Yy (P(y) ANR(z))  prem.
3. P(t) — Qy) Ve 1
4. P(t) A R(x) Ve 2
5. P(t) Aer 4
6. Qy) —e3
7. 3z Q(x) 36
8.1.6 Jz - P(x),Vz —-Q(x) F Iz (-P(x) A —-Q(x))
_I Solution !
1. Jx —P(x) prem.
2. Vo =Q(x) prem.
3. |z —P(z0) ass.
4. —Q(z0) Ve 2
5. —P(x0) A -Q(z0) Al 3.4
6. dx (-P(z) A—=Q(x)) 3i5
7. Jz (-P(z) A—=Q(x)) Je 3-6

8.1.7 Consider the following natural deduction proof for the sequent
Vo (P(x) = Q(z)), 3Jx Plx) F  VaQ(x).

Is the proof correct? If not, explain the error in the proof and either show how to correctly
prove the sequent, or give a counterexample that proves the sequent invalid.
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8.1 Natural Deduction Rules 8 NATURAL DEDUCTION FOR PREDICATE LOGIC

1 Vo (P(z) = Q(x)) prem.

2 Jz P(x) prem.

3 o

4 P(zo) ass.

5 P(z9) = Q(z0) Ve 1

6 Q(zo) —e, 4,5
7 Vz Q(z) Vi 4-6

8 Vo Q(x) Jde 2,3-7

_I Solution !

This sequent is not provable.

Model M:
A = {a,b}
PM = {a}
QM = {a}

MEVz (P(z) = Q(x)), 3z P(x)
M ENzQ(x)

8.1.8 Jz (P(z) — Q(y)), Vx P(z) F Q)

_I Solution !

1. Jz (P(z) — Q(y)) prem.
2. Vo P(x prem.
3. | xo Pxg) = Qy) ass.

4. P(zo) Ve 2

5. Qy) —e 34
6. Qy) Je 3-5

8.1.9 Vz =(P(z) AQ(z)) F -3z (P(x)AQ(x))

_I Solution !

1. Vo =(P(z) AQ(x)) prem.
2. Jr (P(z) A Q(x)) ass.

3. t P(t)AQ(t) ass.

4. —P(t) AQ(?) Ve 1
5. 1 —e 3,4
6. 1L Je 3-5
7.

-3z (P(x) AQ(x)) —i2-6

8.1.10 3z -P(z),3x ~Q(x) +  Jz (=P(x) A —-Q(x))

Page 3 of
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Solution

There is no solution available for this question yet.

8.1.11 Jz (P(x) — Q(y)), 3z P(x) - Q(y)

_I Solution !

This sequent is not provable.
Model M:
A ={a,b}
PM = {a}

QM = {a}
y< b

Solution

There is no solution available for this question yet.

8.1.13 Vz (P(z) VQ(x)), Vz (-P(x)) F Vz(Qx))

Solution

There is no solution available for this question yet.

8.1.14 Iz Q(x) F  Vz-Q(x)

_I Solution !

1. -3z Q(x) prem
2. |xo Q(x0) assum
3. dz Q(z) Ji2

4. 1 —el,3
5. -Qzg)  —i2—4
6.

Ve -Q(z) Vi2—-5

8.1.15 =3z P(z)V -3y Q(y) F Vz =(Q(z) A P(z))
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8 NATURAL DEDUCTION FOR PREDICATE LOGIC

_I Solution !

1. —3Jx P(z)V -3y Q(y) prem

2. | 20 Q(z0) A P(20) assum

3. —dz P(z) assum

4. P(z) Ne2

5. Jz P(x) Ji4

6. 1 —e3,5

7. -3y Q(y) assum

8. Q(z0) Ne2

9. Jy Qy) 38
10. 1 -e7,9
11. L Vel,3—6,7 — 10
12. ~(Q(z0) A P(20)) i3 — 11
13. Vz =(Q(2) A P(z)) Vi3 — 12

8.1.16 3z (Q(y) — P(x)) +  Q(y) — 3z P(x)

_I Solution !

NS ot WD

35 (Q(y) = P(z))  prom.
xo Qy) — P(xo) ass.
oW
P(xo) —e 3,2
Jz P(x) Ji4
Q(y) = Iz P(z) —135
Qy) — Iz P(x) Jde 1, 2-6
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8.1 Natural Deduction Rules 8 NATURAL DEDUCTION FOR PREDICATE LOGIC

8.1.17 Jz (P(z) — Q(x)), -Q(2) + —P(z)

_I Solution !

This sequent is not provable.
Model M:

A ={a,z}
PM = {a,z}
QM = {a}
M E Jz P(x) — Q(x)

M = -Q(2)
M F ~P(2)

8.1.18 Iz (P(z) AQ(x)) F  FJz P(z) A3z Q(x)

_I Solution !

1 Jz (P(z) A Q(z)) prem.

2. &g P(zo) N Q(x0) ass.

3 P(zo) Ne2

4 Q(zo) Ne2

5 Iz P(z) Ji3

6 Jz Q(x) Ji4

7 Jx P(z) A3 Q(x) Aib, 6

8 Jx P(z) AJz Q(z)) Jel,2-7

8.1.19 Jz (P(z)VQ(x)) F  JzPlz)V3izQx)

Solution

There is no solution available for this question yet.

8.1.20 Explain the V-introduction rule and the V-elimination rule. Explain why one rule needs
a box while the other one does not. What does it mean that xg needs to be fresh?

Solution

There is no solution available for this question yet.

8.1.21 Vz (P(z) ANQ(x)) F  Vz((Q(z)V R(x))A(R(z)V P(x)))
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8.1 Natural Deduction Rules

8 NATURAL DEDUCTION FOR PREDICATE LOGIC

_I Solution !

1. vV (P(x) A Q(x)) premise
2. fresh z
3. P(zo) A Q(zp) Ve 1 xg
4. P(x0) Aey 1
5. Q(z0) Ney 1
6. R(zo) V P(z0) Vig

7. Q(zo) V R(xo) Vig

8. (Q(z0) V R(z0)) A (R(x) V P(x)) Ni6,7
9. Vo ((Q(z) V R(x)) A (R(z) V P(x))) V; 2-8

8.1.22 3z (Q(z) — R(x)),

_I Solution !

dz (P(z) AQ(z)) F

1. Jz (Q(z) — R(x)) premise
2. Jz (P(z) A Q(z premise
3. Q(zo) = R(zo) assumption fresh zg
4. P(zo) A Q(xo) assumption fresh g
5. P(zo) Ney 4
6. Q(zo) Ney 4
7. R(zo) —¢9,3
8. P(xo) A R(xo) N:B,T
9. Jz(P(z) A R(z)) 3 8
10. Jz (P(x) AR(z))  Fe 2,49
11. Jz (P(x) AR(z)) 3. 1,3-10

8.1.23 Ve (Q(z) — R(z)), 3z (P(x)AQ(z)) + 3 (P(z)AR(x))
_I Solution !

1. YV (Q({IJ) — R(x ) premise

2. dz (P(I) A Q(l’) premise

3. P((E()) A Q(.’Eo) assumption fresh xg

4. Q(l‘o) — R(J’JQ) Ve 1z

5. P(Zo) /\61 3

0. Q(l‘o) Nesy 3

7. R(.T()) _>€674

8. P((Eo) A R(.’Eo) /\i5,7

9. Jz (P(x) AR(z)) ;8

10. Jz (P(x) AR(z))  Fe 2,39

8.1.24 —JaVy (P(x) AQ(y)) F  VaIy ~(P(z) AQ(y))
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_I Solution !

1. —JaVy (P(x) AQ(y))  premise
2. Vy(P(zo) A Q(y)) assumption fresh g
3 SVy(P@) A Q) 32
4, 1 1,3
5. Hy(P) A Q) 24
6. —Jy—(P(xo) ANQ(y))  assumption
7. =(P(x0) A Q(yo)) assumption fresh yo
8 - (Pro) AQ) 3T
9. L 6,8
10. P(z0) A Qo) PBCT7-9
11. Vy(P(zo) AN Q(y)) v,7—10
12. 1 05,11
13. Fy—(P(z0) N Q(y)) PBC6 — 12
14. Vedy -(P(x) AQ(y)) Vi2—13

8.1.25 Yoy ~(P(x) AQ(y)) +  —3aVy (P(z) AQ(y))

_I Solution !

1. Vazdy ~(P(x) AQ(y))  premise
2 S (Pro) A Q) Vel
3. =(P(x0) A Q(yo)) assumption fresh yo
4. Vy(P(zo) A Q(y)) assumption
5. P(z0) A Q(yo) Ved
6. L 03,5
7. Vy(P(zo) AQy) 4 —6
8. “Vy(P(zo) AQy)) 32,37
9. JxVy(P(x) A Q(y)) assumption
10 Vy(P(xo) A Q(y)) assumption fresh @
1. L ~.8,10
12. L 39,10 — 11
13 —JaVy (P(z) A Q(y)) —9—12

8.1.26 —dx ﬁP(LI?) [ Vo ﬁP(t%)

_I Solution !

This sequent is not provable.
Model M:

A= {a}
PM = {a}

M E ~Jz-P(z)
M ENz-P(x)
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8.1.27 P(x)VQ(y), P(x)— R(z), Qy)— R(2) F R(2)

_I Solution !

1 P(l‘) V Q(’y) premise

2 P(JJ) — R(Z) premise

3 Q(y) — R(Z) premise

4 P(l‘) assumption

5 R(2) —e 2,4

6 Q(y) assumption

7 R(z) —¢ 3,6

8 R(2) Vel,4— 5,67
8.1.28 IyVz (P(z,y)) F  Vady (P(z,y))

_I Solution !

This sequent is provable.

EInyP(x, y) premise
Vl‘P(l‘7 yo) assumption fresh yo
P(l’o, yo) VeQ fresh xq

JyP(zo,y) 3,3

VaedyP(x,y) V;3—4

S G W e

VaIyP(z,y) Jl1,2-5

8.1.29 Ja¥b (S(b,a) ANT(b,a)) F  VbVa (S(b,a) ANT(b,a))

_I Solution !

This sequent is not provable.
Model M:

A= {01}
SM = {(07 1)7 (17 1)}
™ = {(Ov 1)7 (17 1)}

M = Favb (S(b,a) AT(b,a))
MENVWa (S(b,a) NT(b,a))

8.1.30 P(y) — V2Q(z), Jz—Q(x) F Fz—P(zx)

Page 9 of
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_I Solution !

1. P(y) = VzQ(x)  premise
2. Jr-Q(x) premise
3. P(y) assumption
4. VrQ(x) —¢ 1,3
5. —Q(x0) assumption fresh o
6. Q(xo) Ved
7. 4L =9, 6
8. L 3.2,5— 7
9. ~P(y) 3-8
10. Jx—-P(x) 3,9

8.1.31 Consider the following natural deduction proof for the sequent

Jx -P(x) +  —Vz P(x).

Is the proof correct? If not, explain the error in the proof and either show how to correctly

prove the sequent, or give a counterexample that proves the sequent invalid.

1. Jx -P(x) prem.
2. Va P(x) ass.
3. P(xo) Ve 2
4. Jz P(z) Ji 3
5. 1 —-e 1,4
6. Vo P(x) -—e2-5

Solution

There is no solution available for this question yet.

8.1.32 Consider the following natural deduction proof for the sequent

Jr P(x)vIz Q(z) F  Fz(P(z)VQx)).

Is the proof correct? If not, explain the error in the proof and either show how to correctly

prove the sequent, or give a counterexample that proves the sequent invalid.

1. Jx P(z) V3Iz Q(z) prem.

2. Jx P(x) ass.

3. xo P(zo) ass.

4. P(z0) V Q(z0) Vii 3

5. Jz (P(x) vV Q(z)) Jde 2,3-4
6. Jx Q(x) ass.

7. xo Q(zo) ass.

8. P(z0) V Q(z0) Vig 7

9. Jx (P(x) vV Q(x)) Je 6,7-8

10. Jz (P(x) vV Q(z)) Ve 1,2-5,6-9
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_I Solution !

1. dx P(z) V 3z Q(x) premise
2. Jx P(x) assumption
3. P(xo) assumption fresh wo
1 Pleo)V Q) Vi,
5. Jz (P(x) vV Q(z)) 34
6. Jz (P(x) vV Q(z)) 3.2,3-5
7. Jz Q(x) assumption
8. Q(xo) assumption fresh zo
9. P(zo) V Q(z0) Vig
10 Jz (P(x) V Q(x)) 39
11 3z (P(z)V Q(z)) 37,810
12 Jx (P(x) vV Q(x)) Vel, 2 —6,7—11

8.1.33 Vady (P(z) — Q(y)), P(s) +  Tavy (—P(z) VvV Q(y))

_I Solution !

This sequent is not provable.

Model M:
A= {a,b}
PM = {a,b}
QM = {a}

M [ Vay (P(z) — Q(y)), P(s)
M ¥ Ty (=P(x) V Q(y))

8.1.34 Va¥b (P(a) AQ(b)) F  Vadb (P(a) VvV QD))

Solution

There is no solution available for this question yet.

8.1.35 Jx -P(x) F  —Vz P(x).

Solution

There is no solution available for this question yet.
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