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3 Binary Decision Diagrams

3.1 Reduced Ordered Binary Decision Diagrams

3.1.1 Given the Binary Decision Diagram (BDD) below, label and explain the different elements
of the diagram.

_I Solution !

A binary decision diagram represents a Boolean formula f. It is a DAG with two terminal
nodes that are labelled with 0 and 1. The internal nodes are labelled with the Boolean
variables of the formula (here a, b, ¢, d and e). Each internal node has exactly two
outgoing edges: one edge labeled with a T (the then-edge), and another edge that is
labeled with an E (the else-edge) or marked with a circle. There is a unique initial node
called the function node labeled with f that does not have any incoming edges and one
outgoing edge to the internal variable node on the first level.

3.1.2 Given the following Binary Decision Diagram that represents the formula f. Compute its
disjunctive normal form DNF(f).
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_I Solution !

f=@nbre)V(aAn-bAe)V(aAbA-cA=e)V (maA-cAd)V
(maNcA=€e)V(maAN-cAdAe)

3.1.3 Given the following Binary Decision Diagram that represents the formula f. Compute its
disjunctive normal form DNF(f).

Solution

There is no solution available for this question yet.

3.1.4 Given the following Binary Decision Diagram that represents the formula f. Compute its
disjunctive normal form DNF(f).
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Solution
There is no solution available for this question yet.

3.1.5 For the following binary decision diagram:

Check if the following models are satisfying:

Mi={a=T,b=T,e=1,d= 1},
Mo= {a=1,b=1,c=T,d=T}, and

compute DNF(f).

Solution
There is no solution available for this question yet.

3.1.6 For the following binary decision diagram:
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Check if the following models are satisfying:

M= {a=T,b=T,c= 1},
Moy= {a=1Lb=1,¢c=1} and

compute DNF(f).

Solution
There is no solution available for this question yet.

3.1.7 For the following binary decision diagram:
Note: Else-edges are marked with circles. Filled circles represent the complemented attribute.
Dangling edges are assumed to point to the constant node true.

Check if the following models are satisfying:

Mi={a=T,b=T,e=1l,d= 1},
Moo= {a=1Lb=1,c=T,d=T}, and

compute DNF(f).

Solution

There is no solution available for this question yet.

3.1.8 Transform the given Binary Decision Diagram into a reduced and ordered BDD.
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f
a
b b
c c c c
1 0
_I Solution !
/

O

3.1.9 Transform the given Binary Decision Diagram into a reduced and ordered BDD.

Solution

There is no solution available for this question yet.

3.1.10 Transform the given Binary Decision Diagram into a reduced and ordered BDD.
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Solution

There is no solution available for this question yet.

3.1.11 Transform the given Binary Decision Diagram into a reduced and ordered BDD.

There is no solution available for this question yet.

3.1.12 Transform the given Binary Decision Diagram into a reduced and ordered BDD.
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&

_I Solution !

3.1.13 A reduced and ordered BDD is a canonical representation of a propositional formula.
Explain the term canonical in the context of propositional formulas and explain why reduced
and ordered BDDs give canonical representations.

_I Solution !

A canonical representation means, that for any two semantically equivalent formulas f;
and fo and a fixed variable order, f; and f; are represented by the same reduced and
ordered BDD.
Since semantically equivalent formulas have the same set of satisfying models and a
reduced and ordered BDD does not have redundancies, the representation of f; and fo
are the same.

3.1.14 Give the definition of a cofactor of a formula f with respect to an assignment A.

Solution

There is no solution available for this question yet.

3.1.15 What is the worst-case size of a binary decision diagram? What is the advantage of
computing a reduced and ordered BDD to represent a formula compared to using a truth table?

Solution

There is no solution available for this question yet.

3.1.16 Tick all properties that apply to a reduced and ordered binary decision diagram.

[0 A reduced and ordered BDD is a canonical representation of the formula it represents, for
any fixed variable order.
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(] Since it is reduced, the number of nodes in the reduced and ordered BDD does not exceed
2n?, where n is the number of variables.

[0 The graph of an BDD may contain cycles.

O A BDD represents a propositional formula as directed acyclic graph (DAG).

[0 Every node with two non-complemented outgoing edges has two distinct child nodes.
0 No two nodes in an reduced and ordered BDD represent the same cofactor.

3.1.17 Given you have computed the reduced and ordered BDD for a formula f. How can you
compute the BDD representation for —f in constant time?

Solution

There is no solution available for this question yet.

3.1.18 How can you compute the propositional formula f represented by a given BDD?

Solution

There is no solution available for this question yet.

3.1.19 Give the definition of redundant nodes in a BDD. Give an example for a BDD that
contains at least one redundant node.

Solution

There is no solution available for this question yet.

3.1.20 In the context of Binary Decision Diagrams (BDDs), how does the variable order impact
the BDD?

Solution

There is no solution available for this question yet.

3.1.21 Tick all properties that apply to a reduced and ordered BDD.
[ If the else-edge of a node is complemented, it may point to the same child node as the
then-edge.

[0 Using the reduced and ordered BDD representation of formula f, it is possible to whether
f is valid in constant time.

[0 The size of a BDD is independent on the variable order.
O Using complemented edges, negation can be performed in constant time.
[0 The size of a BDD is independent of the variable order.

3.1.22 When do we consider a BDD to be reduced? Explain the types of redudancies that are
not allowed to appear in a reduced and ordered BDD.

Solution

There is no solution available for this question yet.
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3.1.23 Explain how a reduced and ordered BDD can be used to determine the satisfiability of
the formula f it is representing.

Solution

There is no solution available for this question yet.

3.1.24 Explain how a reduced and ordered BDD can be used to determine whether the formula
f it is representing is valid.

Solution

There is no solution available for this question yet.
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3.2 Construction of Reduced Ordered BDDs
3.2.1 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=0xVay)A(zA(yVz2),

using variable order y < z < x. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant

node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.

_I Solution !

f=((mzVv-y)A(zA(yV2))

fy =1
foy = (@A 2)
fﬂyz =
fﬂyzw =T
f"yZ“.'E =1
fﬁyﬁz =1

The final ROBDD:

3.2.2 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=(zA-y)V(zAy),

using wvariable order z < x < y. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant

node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

f=((—zA=y)V(zAy))

fy==
fyac =T
fyﬁr =1
f—\y :_‘fy

The final ROBDD:

3.2.3 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=0EpVvr)A(gV—p)A(=gVp)

using wvariable order r < q < p. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

f=(=pVr)A(gV-p)A(=qVp))
fr =gV —=p)A(=qVp))

frq=p
frqp =T
frq—\p =1
fr—\q = jf’r’q
for = ((=p A (qV =p)) A (=g VD))
fﬁ’rq =1
fﬁrﬁq - (_'p A _‘p)
fﬂr—\qp =1
fﬂr—\q—\p =T

The final ROBDD:

3.2.4 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=@AN=8)V(sA(=rVp))V(pAgAT)

using variable order p < g < r < s. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

fo = (((gA=8)Vs)V(gAT))

fra =T

Jo-qa =5
fpﬂqs =T
fp—*q—'s =1

fp=((gA=s)V(sA-))
Fopg = (8 V (s A=)
J-par = 7 fp-q
fopg-r =T
fap-q = (s A )
fop-gr =1

fﬁpﬁqﬁr = fzﬁq

The final ROBDD:

f=Wlgn=8)V(sAn(=rVp))V(pAg) AT))

3.2.5 Construct a ROBDD for the formula

f=landnrne)VvV(bA-dA-a)V(c— —d)V(a— —b)

using variable order b < a < d < c¢. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.

f=@ndArc)V (bA-dA—-a)V (c— —d)V (a — —b)

fo=T
fo=T
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3.2.6 Construct a reduced ordered binary decision diagram (ROBDD) for the formula

f=@ogA-r

using wvariable order p < g < r. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.

_I Solution !

The final ROBDD:

f=p@ogn-Tr

fp=—qA-r

frg =L

= —r
fpﬂqr =1
Fomgr =T
J-p=gqAN-r

f-pa =71 = fpq

fﬂpﬂq =

fp—\q

3.2.7 Construct a ROBDD for the formula

f=Po N (res)

using variable order r < s < p < q. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.

_I Solution !

The final ROBDD:

f=@egN(res)
fr:(pHQ)/\S

frs = (p AN q)
frsp =9q
f'r‘qu =T
frsp—'q =1 f f
f’r'Sﬁp =q= _‘frsp o "
f?"‘vs = J—
f—\r:(qu)/\_'S f
fﬂrs =1 oTep

Forms = (06 @) = frs '
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3.2.8 (a) Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=(avbVve)A—d

using wvariable order a < b < ¢ < d. Use complemented edges and a node for true as the
only constant node. To simplify drawing, you may assume that dangling edges point to the
constant node. Write down all cofactors that you compute to obtain the final result and

mark them in the graph.

(b) Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for f with a different
variable order. The ROBDD should result in a smaller ROBDD, w.r.t. the number of

nodes.

_I Solution !

(a) using variable order ¢ < a < d < b:
f=(avbVve)A—d

fc = d
f(:a =-d
fC—‘a = —d

=-a does not have an influence
on the formula.
These cofactors can be skipped.

fcd =1
fCﬂd =T
fae =(aVb)A—d
f—'ca =-d = fc
focma =bAd
fﬁc‘ﬁad =1
fﬁ(:ﬁaﬁd =b
f_‘C—‘a—\db =T
f_‘C—‘a—!db =1

(b) using variable order d < a < b < ¢

f=(avbVve)n—d

fa=1
f-a=aVbVe
fﬂda =T
fﬁdﬁa =bVec
fad=ab =T
f"d‘\a"b =cC
f—\d—\a—\bc =T

f—|d—\a—|b—|c =1

Je

fcma

f—w:ﬂaﬂd

fﬂdﬁaﬁb

3.2.9 Construct the reduced and ordered BDD for the formula

f={anb)V-aV(c+d)
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using alphabetic variable order. Compute the needed cofactors. You may add function nodes
representing all cofactors to the final BDD. Use complemented edges and one terminal node
representing the truth value T. To simplify drawing, you may assume that dangling edges point
to the constant node.

_I Solution !

fa=bV(ced)
fab =T
fap =c> d
fa—\bc =d
fa—\bcd =T
Ja-be-da = L
faﬁbﬁc =-d= fabc
fﬂa =T

The final ROBDD:

3.2.10 Construct the reduced and ordered BDD for the formula
f=0Ap)V(rA-p)V(sA-T)V(-sAT)V(=rAg)

using wvariable order p < q < r < s. Compute the needed cofactors. You may add function
nodes representing all cofactors to the final BDD. Use complemented edges and one terminal
node representing the truth value T. To simplify drawing, you may assume that dangling edges
point to the constant node.
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_I Solution !

fp=rV(A-T)V(msAT)V (T AQ)
foa =TV (SAT)V(msAT)V-r=T
fpmg =7V (SA-T)V (75 AT)

fpﬁqr =T

fo-g-r =5
fp—*q—'Ts =T
fp—*q—'r—\s =1

frop="7rV(AT)V(asAT)V(orAg)=-TV(sA-r)V(asAT)

fﬁpr =S = fpﬁq‘ﬁr
f—\p—vr‘ =T

The final ROBDD:

3.2.11 Construct the reduced and ordered BDD for the formula
f=A-Dp)V(rAp)V(sA-r)V(msAT)V(rAq)

using wvariable order p < q < r < s. Compute the needed cofactors. You may add function
nodes representing all cofactors to the final BDD. Use complemented edges and one terminal
node representing the truth value T. To simplify drawing, you may assume that dangling edges
point to the constant node.
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_I Solution !

fp="rV(sA-r)V(asAT)V(rAgq)

qu =T
fpmg =TV (SATT)V (msAT)
fpﬁq'r =T
Jomq-r =5
fp—‘q—\rs =T
fp—*q—\r—\s =1

fap =TV (SA=T)V(msAT)V(rAg)
fopg =TV (SA—T)V (msAT)
fapmg =TV (SAT)V (msAT)

f—\pr =T

fﬁpﬂr =85= fp—'q—\r

The final ROBDD:

f=0A-p)ViIrA-DpV(SA-T)V(msAT)V(rAg),

= ¢ does not have an influence on the formula. These cofactors can be skipped.

3.2.12 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=m@Ag)V(rAs)V(=pA-r)

using alphabetic variable order. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in

the graph.
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_I Solution !

The final ROBDD:

3.2.13 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=0EpAgnar)V(pA-s)

using alphabetic variable order. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

f=U{(=pAg)AT)V(pA—s))

fp="s
fps =1
fpﬁs =T
fp=1(anr)
fopg =T
f—*pqr =T
J-pg-r =L
Jopq =1L

The final ROBDD:

3.2.14 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=@NgN-T)V (=g As)V(=pA-s)

using alphabetic variable order. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

f=leAg) A=)V (=g As))V(=pA-s))
fo =g N=r) V(=g As))
fpq =7
qur =1
quﬂr =T
fr-q =5
fpﬂqs =T
fpq-s = L
Jop = (g A 8) V)
f-pa = " fpq
fopg =T

The final ROBDD:

3.2.15 Construct a Reduced Ordered Binary Decision Diagram (ROBDD) for the formula

f=@AgV(rAs)V(=pA-r)

using reverse alphabetic variable order. Use complemented edges and a node for true as the
only constant node. To simplify drawing, you may assume that dangling edges point to the
constant node. Write down all cofactors that you compute to obtain the final result and mark
them in the graph.
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_I Solution !

f=UprgV(rAs))V(=pA-r))
fs=WpAg)Vr)V(=pA-r))
fsr =T
fS‘\’r‘ = ((p/\ Q) \ _‘p)
fs—\rq =T
fs—|r—\q =P
fS—‘Tﬁqp =1
fSﬁ'r'ﬁQﬁp =T
f=s =((pAg)V (=pA-T))
fﬂsr = (p A q)
f—\srq = _'fs—\'rﬂq
f—\sr—'q =1
f“S“T = fS“T'

The final ROBDD:

3.2.16 [3 points| Construct a reduced ordered binary decision diagram (ROBDD) for the formula

f=m@VaAr-(prg Ar

using wvariable order ¢ < p < r. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.
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_I Solution !

f=UVar-(prg)nr)
fo=0E@NAg)AT)

fap =L
Jop =T
fq—\pr =T
fq—\p—m =1
f-g=@nAT)
J-ap = fap
Joqp =1

The final ROBDD:

3.2.17 [3 points] Construct a reduced ordered binary decision diagram (ROBDD) for the formula

(aV=b)A=(eVd)V (aNDd),

using variable order a < b < ¢ < d. Use complemented edges and a node for true as the only
constant node. To simplify drawing, you may assume that dangling edges point to the constant
node. Write down all cofactors that you compute to obtain the final result and mark them in
the graph.

Page 23 of



3.2 Construction of Reduced Ordered BDDs 3 BINARY DECISION DIAGRAMS

_I Solution !

f=(((aVv-=b)A=(cVd))V(aAb))
fo =(=(cvd) VD)
fab =T
fa—b = —(cV d)
faﬂbc =1
faﬂbﬂc = —d
fa—\b—\cd =1
fa"b"(}"d =T
faa = (b A=(cVd))
fﬂab =1
fﬂa—\b = fa—\b

The final ROBDD:
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